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Rotation and Orientation of Soviet Sputnik III

V. V. BELETskiI aND YU. V. ZoNov

OVIET Sputnik III carried a self-orienting magnetometer
(1)t for measuring the intensity of the earth’s magnetic
field.

The magnetometer is desighed with a movable frame, the
normal to which, with the aid of special sensors and an auto-
matic tracking system, coincides at any moment of time with
the direction of the total magnetic field vector. The angles
of rotation of the frame relative to the satellite body are
measured by two transducers whose output is telemetered to
the earth. Knowledge of the time dependence of these angles
permits one to determine the parameters of motion of the
satellite about the center of mass and its orientation in
space.

The present paper proposes a method of solving this prob-
lem and describes the results of determining the parameters
of rotation and orientation of the satellite for the interval
from the first to the 109th orbit; the parameters of rotation
are computed also from data of later orbits.

1. Method of Determining the Parameters of
Orientation and Rotation of the Satellite

The authors will investigate the principle of determining
the parameters of rotation and orientation of the satellite in
accordance with the readings of the magnetometer transducer.

The motion of the satellite about the center of mass is
affected by a number of perturbing factors: gravitational
and aerodynamic moments (2-4), moments of electromag-
netic drag (5), possible interaction of the magnetic moments
of the circuits in the satellite itself with the earth’s magnetic
field, ete. Therefore, the motion of the satellite near the
center of mass is a complex process. Under actual conditions
the kinetic energy of satellite rotation considerably exceeds
the work of external forces so that for a limited period of time
(e.g., during a revolution of the satellite along its orbit) the
effect of the perturbing forces is slight (2). Therefore, to a
first approximation it can be assumed that during the speci-
fied limited period of time the motion of the satellite near the
center of mass is the motion of a free solid body that is not
affected by external forces. In such a case the motion of the
satellite about the center of mass can be classified as the
Euler-Poinsot motion. For Soviet Sputnik IIT, which has two
equal major central moments of inertia, motion about the
center of mass to the specified approximation is a regular
precession. During this motion the satellite axis 2z’ which
coincides, as assumed, with the axis of the dynamic sym-
metry of the satellite, rotates uniformly at a constant angular
velocity of precession iy around -vector L of the satellite’s
kinetic moment (Fig. 1) which is stationary in absolute space.
The angle of nutation & between 2’ and L is constant; in
addition, the satellite rotates around its axis 2’ at a constant
angular velocity of the characteristic rotation ¢. Let X, Y, Z
be the inertial coordinate system: axis Z is directed toward the
earth’s pole, axis X toward the vernal equinox; let py be the
angle between L and axis ¥, and let v, be the angle between
planes LY and XY (Fig. 1). The problem of determining
the rotation and orientation of the satellite is reduced to the
determination of parameters &, ¢, ¥, po, Yo for every orbit and
the establishment of a relationship between the position of the
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satellite and time, that is, establishing at any moment of time
the values of the angles of rotation and precession ¢g and .
At least one such relationship is necessary for every orbit.
Parameters ¢, ¢, ¥, po, 7o, as assumed, are constant during a
revolution of the center of mass of the satellite along the orbit
but may change from revolution to revolution as a result of
the continuous influence of small perturbing forces.

The readings of the magnetometer transducer permit one
to determine all parameters &, ¢, ¥, po, Yo, ¢o, Yo of rotation
and orientation of the satellite.

Fig. 2 shows a diagram of the magnetometer gimbals. The
axis of the outer frame coincides with the axis of the satellite;
the outer frame can rotate around this axis. Its angle of
rotation A is telemetered to the earth by means of the trans-
ducer, the readings of which are denoted by ¢:. Angle A is
reckoned from a certain fixed axis 2’ in the satellite, perpen-
dicular to the symmetry axis 2’ of the satellite. Axis z’ is
normal to the outer frame when A = 0.

The axis of the inner gimbal is perpendicular to the axis of
the outer gimbal. The normal to the inner gimbal is always
set in the direction of the vector of magnetic intensity H by
rotating the outer and inner gimbals by the requisite angles
relative to the satellite body. The angle of rotation of the
inner gimbal is telemetered to the earth by means of a trans-
ducer, the readings of which are denoted by ¢.. A particular
feature of the design of the magnetometer carried on Sputnik
IIT is that ¢, is dependent on ¢, (there is no reciprocal rela-
tionship); namely, owing to a special system of gears in the
orientation block, one third of the transducer reading ¢ is
added to the transducer reading ¢. Hence, the independent
part of reading ¢ equals

AN~g— 3¢

Angle ¢» — %qi, with an accuracy to the additive constant,
determining zero of A, is the angle between the symmetry
axis of the satellite 2’ and the magnetic intensity vector H
(Fig. 2). Angle A is the angle between the plane of reckoning
of angle A (plane 2’H) and a fixed plane in the satellite passing
through axis z’. Thus, angles A and A completely determine
the position of the satellite relative to the magnetic line of
force. These angles change in time as a result of the rotation
of the satellite about the center of mass, the motion of the
center of mass itself along the orbit, and the change of direc-
tion of the magnetic intensity vector H, related to this
motion.

Let the position of H be given by the two coordinates p and
v, determined analogously by coordinates py and v, (Fig. 1).
As the orbit of the satellite is known and the earth’s magnetic
field also can be considered sufficiently known for the purpose
of determining the satellite’s orientation, then p and v are
known as functions of time. In such a case the time de-
pendence of A(f) and A(f) is determined by the dependence of
A and A on the parameters of orientation and rotation of the
satellite. Consequently, the parameters of rotation and
orientation are found from the telemetry data which deter-
mine the dependence of A(#) and A(#).

Magnetic coordinates p and v are computed by means of
Vestine’s tables for magnetic inclination D and magnetic in-
clination I given in terms of functions of the geographic co-
ordinates and altitude over theearth’s surface. Tables of I and
D for altitudes & = 100, 300, 500, 1000, 5000 km were used.
The I and D tables are set up for every altitude at intervals
of 10° in latitude @ and at intervals of 30° in longitude X. As
a result, the determination of I and D at any required point
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he, @, N Involves triple interpolation. Interpolation is
carried out over &, , &, in that order; it is possible to limit the
interpolation ico the linear one. .

Let cos(HX), cos(HAY), cos(HZ) be the direction cosines of
vector H of magnetic intensity with respect to the inertial
axes X, Y, Z. Then the sought coordinates p and vy are de-
termined as follows:

tany = cos(HAZ)/cos(HAX) [1.1]
Angle p is defined in the first and second quadrants; the
quadrant which contains angle v is dependent on the circum-

stance that the sign of siny coincides with the sign of cos(HAZ)

and the sign of cosy with that of cos(H)%).
The authors now introduce absolute longitude A*, reckoned
from the vernal equinox (that is, from axis X):

N* = 1569 (360°/86,400) + (ty — 3)©e0)-(360°/86,164.09) + X

cosp = cos(HAZ)

Here ¢t is the longitude of the Greenwich meridian,
reckoned from the vernal equinox at Greenwich midnight
and expressed in seconds of time (taken from the astronomical
almanac for every day of the year); ty is the Moscow standard
time at the point under investigation; (fyy — 3%)eo) ig
Greenwich time (in seconds) at the point under investigation;
constant 86,164.09 determines the duration (in seconds) of
the sidereal day.
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Then the values of cos(HAX), cos(HAY), cos(HAZ) are deter-
mined as follows:

cos(H:X') = —sing cosA* cosl cosD — sin\* cosl sinD —
. cose cosA* sinf
cos(HY) = —sine sin\* cosl cosD 4 cosA* cosl sinD —

cosp sinA*sinf  [1.2]
cos(HZ) = cose cosl cosD — sing sind

Next we study the dependence of the reading of the orienta-~
tion transducers on the parameters of motion of the satellite.

As pointed out previously, it can be assumed that during
a short period of time (of the order of one revolution of the
satellite along the orbit) motion of the satellite about the
center of mass is a regular precession. Let uy = const be the
angular velocity of precession, ¢ = n = const be the angular
velocity of characteristic rotation, & = const be the angle of
nutation.

Then, as already known

[(A4/C) — 1]u cosd = n [1.3]

where A and C, respectively, are the transverse and longitu-
dinal principal central moments of inertia of the satellite.
Let us investigate the unit sphere associated with the
center of mass of the satellite. Inertial axes X, Y intersect
this sphere at points X and Y, the vector of the kinetic
moment, in point L (Fig. 3); LY = po, <LYX = 7yg; 7o is
considered positive for clockwise reckoning about axis Y.
The trace of the 2’ axis of the satellite in regular precession is
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a circle of radius ¢ on thg unit spl\llere with the center in L.
The angle between ares LY and Lz’, reckoned counterclock-
wise around L, is denoted by ¢; hence § = p.

Let H be the trace of the vector of magnetic intensity on
the unit sphere, and p and v be its coordinates. Then z'vH = A
is characterized, as indicated, by transducer readings ¢, and
g

A=qg—3¢+a
where ¢ is constant, determining zero value of A.
We 5ha]1 now derive the time dependence of A. Let
A, =2'Y; bg the angle, reckoned clockwise around Y from
arc A, to arc YH =_p; a be the angle, reckoned clockwise

around Y from arc LY = p to arc 2’Y = A,. Then, the sys-
tem of spherical triangles Lz’'Y and z’HY gives

cosA = cosp-cosh, + sinp sin), cosk
. K i— Y — Yo — &

cosA, = cost cospy -+ sind sinpg cosy
v=yo+ ut

costt — COSpp COSA, [1.4]

cosa : :
sinpy sinA,

sinpy cotd — cospy cosy
sint

cobar

Eqgs. [1.4] completely determine A as a function of time and
the parameters of precession and orientation. Actually,
0 < M\ < 180°; therefore, the formula for cos) is sufficient
for a unique determination of Z. In this formula, coordinates
p(®) and y(#) of the vector of magnetic intensity are known as
functions of time in agreement with [1.1] and [1.2]; angle
Ay, (0 < A, < 180°) is determined through &, po, and ¢ =
Yo + wt; for a unique determination of angle & contained in
the formula for cosA, the formulas for cote and cose de-

pendent, as can be seen on py, ¥ = i + ut, & are sufficient,.

Fig. 3. Orientation
parameters on the unit
sphere surface
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Thus, Eqgs. [1.4] give the sought dependence
A= )\(ty Po, Yo, 0’ My ‘ZO)

The parameters of characteristic rotation are not contained
in this formula, because A describes only the position of the
satellite axis. The other telemeter angle, namely A, is de-
pendent on the characteristic rotation.  In order to determine
this dependence, the system of coordinates L, Ly, L, should be
introduced; this system complements the vector of kinetic
moment L to form the right-hand triplet so that axis Iy
lies in plane LOY, while £1;Y < 90°, so that when p, = 90°,
axis I, coincides with the negative axis ¥, then axis L, lies
in plane XZ (Fig. 4). Couple a system z’, y’, 2’ with the
satellite; here 2z’ is the symmetry axis of the satellite and z’
lies in the “zero” plane ¢ (Fig. 2). Now introduce the
standard Eulerian angles ¢, ¥, ¢ (Fig. 5) in system L, Ly, Lo,
so that the angle of precession ¥ is the angle reckoned from
OL; to the line of nodes OC, and the angle of characteristic
rotation ¢ is reckoned from OC to Ox’.

Fig. 6 shows the surface of the unit sphere with the repre-
sentation of the angles and traces of the introduced axes.
A study of this figure indicates that the following relationship
exists between the Fulerian angle of precession ¥ and the
previously introduced angle ¢:

¢ =¥ - 90° [1.5]

and

A=¢p+v [1.6]

where » is the angle between planes 2’H (H is the trace of the
vector of magnetic intensity) and 2’C. The dependence of »
on the parameters of motion is not written out here because it
is not required in the following; it is only pointed out that »
isindependent of ¢:

v = v(po, Yo, Vs Yo + pib)

Thus, angle 4, in agreement with [1.6], depends linearly on ¢
80 that it is possible to determine, on the basis of ¢; ~ A, the
angular velocity of the characteristic rotation ¢ by segregating
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the linear component in this written formula, inasmuch as »
is periodically dependent on p, v, ¥o + ut. It should be noted
also that when point H lies on arc Cy2’ (Fig. 6), then A =
Aextrpy ¥ = £90°; therefore

(P()\ = )\extrp) = AA(A = Zextrp) =+ 90° [17]

This formula makes it possible to determine the time de-
pendence of quantity ¢. The sign to be selected in [1.7] is
always uniquely determined from supplementary considera-
tions depending on the mutual arrangement of the three
points H, 2/, L. ‘

The time dependence of angles A(f) and A(f), determined
from the measurements of the magnetometer transducers, is
in the form of certain oscillating curves given by expressions
[1.4] and [1.6]. The parameters of precessional motion and
the orientation of the vector of the kinetic moment must be
determined from these curves.

Let us investigate A(¥) (the angle between vectors H and z’).
Fig. 3 or 6 shows that if vector H would be fixed, then angle A
during the half period of precession (half rotation of axis 2’
around axis L) would change from the minimum to the
maximum value, and hence the oscillation cyecle N would
coincide with the precession period Ty. Actually, vector H
moves slowly and describes on the unit sphere a loop of its
trajectory during the half period of rotation of the satellite
along the orbit. Consequently, curve \(¢) is the result of the
interaction of two kinds of oscillation motion: a short-period
motion brought about by the precession of the satellite and a
long-period motion caused by the movement of the vector of
magnetic intensity. Calculation of the number of short-period
oscillations during the period of time which contains an inte-
gral number of these oscillations suffices for an approximate
determination of precession period Ty. The accuracy of de-
termining Ty is the higher, the smaller this cycle is, compared
with the half period of revolution of the satellite along the
orbit. The inaccuracy in the determination of Ty is de-
pendent on the movement of the magnetic intensity vector H
and, inasmuch as this movement is known, after all parameters
of orientation and precession have been determined to a first
approximation, it is possible to compute the correction to the
first approximation of Ty and determine Ty more accurately.
The angular velocity of precession i = u is determined, after
this, by u = 360°/Ty. For Soviet Sputnik III the correc-
tions to the first approximation Ty were small (1-29%,) and
were determined, practically, by comparing the magnetometer
readings with the readings of other devices (see Sec. 3).

The magnitude of the angular velocity of the satellite’s
characteristic rotation is determined in the same simple
manner. In agreement with [1.6] and [1.7], angular velocity
¢ of the satellite’s characteristic rotation is determined by the
slope of the linear component ¢, [A(f)]:

nE¢=lA

Fig. 6 Euler angles on the surface of a unit sphere
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(here I is the linear part of A). The third parameter (angle
of nutation &) is found when n and u from [1.3] are known.

The parameters of orientation po and vy, were determined
by the method of direct matching of the parameters in [1.4]
for the purpose of obtaining maximum matching of the
theoretical curve A(f), derived in this manner, with the read-
ings of the magnetometer transducer already available.

An algorithm of successive approximations of the parame-
ters po, Yo, Yo, ¥, u, was used giving the best fit between the
theoretical and the experimental curves in the sense of the
method of least squares (6), that is, such a successive selection
of the specified parameters that

Z[)\(ti) — N2 = min

where A(¢;) is the theoretical values of A at the moments of
time ¢;, and A, is the experimental values at the same moments
of time. Mathematically, the problem is reduced to solving
a system of algebraic linear inhomogeneous equations, the
coefficients of which vary from approximation to approxima-
tion. Values of parameters derived from some other con-
siderations can be used, or a selection can be made from a
whole series of parameter values for the first approximation
on an orbit. The result of the calculation for this orbit can be
selected as the first approximation for the next orbit.

The specified algorithm of the method of least squares was
programmed on a high speed electronic computer. The results
of the computation and their analysis are given in the follow-
ing section.

2. Results of the Processing of the
Experimental Data

Sec. 1 indicates that the parameters of precessional motion
can be determined in two ways. Either find &, u by selecting
the constants, contained in the equation for A(¢), along with
the coordinates po, Yo, ¥u, or determine ¢ and u directly from
the reading ¢, and ¢, and then sclect only pq, Yo, Yo.

Both of these methods have been used. The criterion of
correctness of the computation is the coincidence of the curve
obtained from the final values of the sought parameters with
the experimental curve obtained by telemetering.

Fig. 7 shows an example of such a coincidence of the calcu-
lated curve A(¢) (dashed line with small circles) and the ex-
perimental curve (solid line). It is seen readily that the
coincidence is completely satisfactory. The same kind of
coincidence of the calculated curve with the experimental one
has been obtained for all orbits for which the data have been
processed.

It is pointed out that calculation requires knowledge of the
zero approximation from which the -calculation starts.
Quantities », u, and, as a consequence, & are determined with
sufficient accuracy directly from the readings ¢; and ¢o. The
zero approximation %, was determined from a series of trials.
It was possible to determine the zero approximation of py and
7o on the 56th orbit. As pointed out, the values of angle A(¢)
cannot extend beyond the interval [0, =]. If the rotation of
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Fig. 7 Coincidence of experimental and theoretical curves
(orbit 15)
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Fig. 8 Angular velocity of the characteristic rotation of the
satellite. Dashed line denotes curve sections obtained by
extrapolation

the satellite is such that angle X tends to extend beyond these
limits, then the outer gimbal of the magnetometer rotates
around the longitudinal axis and angle A(f) remains within
the limits [0, ]. At the instant of rotation, angle \(f) is
close to either O or 7; this means that, if the magnitude of the
angle of nutation is known, it is possible to determine the
locus of the points on the unit sphere of the trace of the vector
of the kinetic moment. The appropriate zero approximation
for the 56th orbit is found by selecting the values of the zero
approximations from the family of these points. After the
final values of p and v, have been determined for the 56th
orbit they are used as the zero approximation for the neigh-
boring orbit. ’

The existing programs show that the calculation is ade-
quately stable for a variation of the zero approximation; that
is, it gives the same results for essentially different zero
approximations. As already stated, the calculations were
made in accordance with two programs; three parameters
were selected for the first, five for the second. The results of
the two programs are in good agreement (see the Tables).
The difference of the angular coordinates for the two methods
does not exceed 10-15°. An exception is parameter
(initial definition of the position satellite’s axis). The values
of this parameter, obtained by two methods, in separate cases
differ by 30-40°. This means that the computation of the
orientation of the devices requires an additional correction for
parameter . The variation of ¥, in principle, leads only to
a shift of the maximum of the reading of the devices; there-
fore, when such readings are available, it is simple to select
such i, that the calculated orientation matches the reading
of the corresponding device. It is shown in Sec. 3 that for a
matching of this type a variation of J, within the limits of 30°
from the initial value actually suffices.

Let us now study the results of the processing of the data.
The processing of the data recorded by the magnetometer
transducer in accordance with the methods previously speci-
fied gave the following results.

1. Angular Velocity of Characteristic Rotation ¢ ==

The values of this parameter (in angular deg/sec) for every
orbit are compiled in Table 1. Here N is the number of
orbits. Function ¢(N) is depicted in Fig. 8.

It can be seen readily that the angular velocity of rotation
has been reduced from 0.375 grad-sec ™' on the third orbit to
zero in the interval between orbits 17 and 42. On orbit 42
¢ = —0.184 grad-sec™, that is, the rotation of the satellite
around the symmetry axis has reversed its direction. From
then on ¢ fluctuates around the average value ¢,, = —0.1
grad-sec~! within the limits 0 > ¢ > —0.2 grad-sec™.,

Such behavior of the angular velocity probably can be ex-
plained by the interaction of currents in the electrical wiring
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Table 1

N 1 3 15 17 42 54
& 0:3575 0.375 0.2133 0.125 —0.184 —0.076
N 56 68 70 81 82 109
& —0.153 —0.049 —0.056 ~0.131 —0.16 —0.026
N 161 176 216 230 243 245 257
A —0.15 —0.07 —0.17 0 C—0.07 —0.08 —0.18

system of the satellite with the earth’s magnetic field. Actu-
ally, the magnetic field produced by currents on the satellite
will interact in various ways with earth’s magnetic field, either
increasing or reducing the velocity of rotation of the satellite.
Were the currents symmetrical and continuous, then the
overall effect would equal zero; however, since the currents
are not symmetrical (only the solar batteries facing the sun
are working) and not continuous, then it is possible that
either the satellite is decelerated or its rotation is accelerated,
depending on the position of the satellite relative to the earth’s
magnetic field. It has been determined that for Sputnik II1
such an effect can be sufficiently strong and that it decelerates
the rotation of the satellite on the first orbits as showii in
Table 1. z

It is possible’ that the interaction of Foucault currents in
the satellite skin with the earth’s magnetic field also has a
certain role. However, as shown in Ref. 5, the role of this
effect is slight in the case of heavy satellites and cannot ex-
plain the observed deceleration. The same can be said about
atmospheric friction. Other factors (variation of the moments
of inertia during the opening and closing of the louvres, colli-
sions with micrometeorites, ete.) have a negligible effect on
the variation of the angular velocity ¢.

2, Period of Precession

The values of the precession period Ty on every orbit are
compiled in Table 2. These periods are obtained directly
from’ the readings of the magnetometer transducer. These
periods must be changed by 2 to 5 sec in order to match
them with the reading of other devices. y

Table 2 indicates that the period of precession increases
from 135-136 sec on the first orbits to 195 sec on 283rd orbit.
Fig. 9 shows the function 7y(X). The increase of the period
of precession, that is, the decrease of the angular velocity ¥ of
precession, can be explained in the same way as the decrease
of angular velocity ¢ of the characteristic rotation—namely,
by the interaction of the currents in the satellite with the
earth’s magnetic field, However, in this case the influence of
this effect is rather slight because the initial angular velocity
of precession is many times greater than:the initial angular
velocity of characteristic rotation (on the first loop ¥ = 2.55
grad-sec™! and ¢ = 0.357 grad-sec™). A certain nonuni-
formity of the increase of the period of precession can be ex-
plained not only by inaccurate processing of the data but
probably reflects the actual fluctuations of the angular
velocity of precession, analogous. to the fluctuations of the
angular velocity of the characteristic rotation.

Table 3 shows (in angular degrees per second) the preces-
sion rates which are used as the constant parameter in method
I of determining the parameters of orientation pg, s, and the

Table 2
Ty,sec N Ty,se¢c N Ty, sec N

136 54 159 109 171 245 185
135 56 157 161 170 256 190
136 68 162 176 185 257 195
15 136 70 170 216 185 258 195
17 138 81 167 230 182 260 195
42 144 82 156 243 183 283 195

Ty, sec

W N = 2

angular velocities of precession obtained along with po, v, in
method II where five parameters were being estimated.

The greatest difference between the two parts of Table 3
(~0.05 — 0.06 grad -sec™1) is characterized by the precession
of determining the angular velocity of precession. This
corresponds to an error of 3 to 6 sec in determining the
precession period.

3. An glé ‘of Nutatioh

For Sputnik IIT the ratio of transverse to longitudinal
moments of inertia amounts to

A/C ~ 2.5

Knowing A4/C, ¢, ¥, it is possible to compute the angle of
nutation ¢ according to [1.3]. It appears that the angle of
nutation is close to 90°, deviating from this value by not more
than 6° on individual orbits (Table 4). This means that the
satellite “tumbles.”

The investigated parameters Ty, ¢, ¢ completely describe
the system of rotation of the satellite about the vector of the
kinetic moment. Let us now study the results of the deter-
mination of the orientation of the vector of the kinetic
moment.

4. Orientation of the Vector of the Kinetic Moment

As has been specified, coordinates pp and v, of the vector of
the kinetic moment were determined by two methods: the
method with three varying parameters (I) and the method
with five varying parameters (I1I). The results obtained in
parallel by the two methods are compiled in Table 5.

Table 5 shows that the agreement between methods I and I1
is satisfactory. The maximum difference (in one case) is
approximately 15°; in other instances the difference amounts
to 5°-10°, which characterizes the accuracy of determining
the vector orientation of the kinetic moment. The difference
between the coordinates on separate orbits is explained by the
slow motion of the vector of the kinetic moment in space as a
consequence of the influence of perturbing factors (2,4).

Fig. 10 depicts the dependence of g and vy, on N for the two
computing methods (I and II). Tt can be seen readily that all
of these points satisfactorily coincide with the solid curve.
Orbits 5, 68, and 82 are an exception. Points py and 4, do not
coincide with the curve for these orbits. Fig. 10 also shows
curves which deseribe functions po(N) and ~o(N) with an
aceuracy to 5°-10° (without the points of orbits 5, 68, 82).

i, sec
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Fig. 9 DPeriod of precession of the satellite
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Table 3 //?g' deg 73, deg
N 1 3 5 15 42 54 . o
I) ¢ 255 252 257 2.5 2.50 2.30 “ w el
I ¢ 2.52 2.52 2.61 2.51 2.35 2.29 4 A/Z(
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The results obtained for the initial angle of precession ¥ by
computing in accordance with the two programs are described
briefly. As already pointed out, this parameter is determined
less precisely; this is clearly seen in Table 6, which also shows
that the computation according to the two programs is in good
agreement (orbit 42) and that the results for orbit 15 differ
by 40°. Therefore, a more precise value of ¢, is obtained by
comparing the readings of other devices. Such a correction
can be made readily because the positions of the maxima of the
readings are dependent on i (see Sec. 3).

It is of interest to determine the type of motion performed
by the vector of the kinetic moment relative to the satellite
orbit. For this purpose, the absolute angular coordinates pq,
o are converted into orbital coordinates related to the perigee
of the orbit (Fig. 11); the values of py and 7, computed by
method I (Table 5, I) are selected.

5. Vector Orientation of the Kinetic Moment Relative to
the Orbit

Let axis X of the orbital system of coordinates, related to
the perigee, be directed along the velocity vector at the perigee,

Table 5
I II
N Po Yo Po Yo
1 49° 74° . ..
3 40 90 36° 93°
5 71 98 82 101
15 40 7 116 34 132
42 50 135 49 133
54 62 150 04 149
56 69 150 - N
68 37 166 49 154
70 67 155 78 146
81 76 148 80 140
82 54 151 52 155
109 75 146 66 150
Table 6
N 3 15 42
) % 170° 252° 352°
II) Yo 201° 292° 354°
Table 7
Y Z X
X a b c
I_’ ay b C1
Z as b2 [

line (method I), solid curve (method II)

axis ¥ along the normal to the orbital plane, and axis Z along
the radius-vector at the perigee. The position of the vector
of kinetic moment L relative to the orbital system is given in
terms of angle © between L and axis X and angle X between
the orbital plane ZX and plane LX (Fig. 11).

Let ¢ be the inclination of the orbit to the earth’s equator,
the longitude of the ascending node of the orbit from the point
of vernal equinox, and w the angle between radius-vectors at
the perigee and the ascending node. Then the position of
system X, ¥, Z relative to the inertial system X, ¥, Z is given
in the table of direction cosines (Table 7).

a = —sinw sinQ 4 cosw cosQ cost
b = cosw sing

¢ = sinw cos) — cosw sinfl cost
o = —cos{)sing

b, = cost

¢, = sin§l sing

a: = cosw sinQ + sinw cos cost
b, = sinw sing

¢z = cosw cos{) — sinw sin€l cost

Let A;, As, 4; be the direction cosines of vector L of the
kinetic moment with respect to the inertial axis X, Y, Z,
respectively:

Ay = cospg 4, = sinp, siny,
Az = singpy cosv

Then the direction cosines ay, o, e of vector L with perigee
axes X, ¥, Z, respectively, are expressed by

Qg = A]ll + Agb + A3C
oy = Arar 4 Ashy + Aser
oy = Ayay + Ashs + Asco
whence
cosO = tand = ai/ o

while the quadrant which contains X is determined by the sign

%%

Fig. 11 Orbital co- \ P
ordinate system A
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of o1 which coincides with the sign of sin\ and the sign o,
which coincides with the sign of cosA. Elements Q, ¢, w, for
every ‘orbit are given in the tables of elements of Sputnik IIT.

The results of the calculations according to these formulas
are shown in Figs. 12 and 13. It can be seen that the varia-
tion of A is uniform at a rate of ~0.76°/orbit. Angle © be-
tween the vector of the kinetic moment, and the perigee tan-
gent varies monotonically from ~80° on the first orbit to
values close to zero on the 100-110th orbit. The rate of
variation of © on the first 10-20 orbits is ~1.5°/orbit, after
that the rate of variation of © decreases to a value close to
zero. Hence, vector L moves in such a manner that toward
the end of the time interval under investigation (from the first
to the 109th orbit) vector L tends to coincide with the direc-
tion of the perigee tangent. ¥ig. 13 depicts the motion of
vector L in polar coord'nates ON; the point of origin of the
coordinates is the trace of the vector of velocity of the center
of mass of the satellite at perigee. The curve in Fig. 13 is
plotted in accordance with the curves in Fig. 12 describing

" the average motion of the vector of the kinetic moment. The
deviation of separate points which correspond to experi-
mental data does not exceed 10°.

Since the angle of nutation ¢ between the satellite axis and
vector L of the kinetic moment is close to 90° and the direc-
tion of vector L on the last orbits is close to the direction of
the velocity vector at the perigee, then, on these orbits, the
satellite passes the perigee in a regime of maximum aerody-
namie drag resulting in a decrease of the lifetime of the satel-
lite.

Comparison with the theoretical investigation of the
secular motion of the vector of the kinetic moment under the
influence of aerodynamic and gravitational perturbations (4)
shows that the velocities of secular motion and the nature of
the curve in Fig. 13, within the limits of accuracy, are in good
agreement with theoretical results. Among the classes of
trajectories of the tip of the vector of the kinetic moment on

— 2

Fig. 13 Trajectory of the vector of the kinetic moment relative
to the orbit
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the unit sphere, specified in Ref. 4, there are two classes (“‘tri-
polar” and “penta-polar’’) which contain special trajectories
asymptotically approaching the origin of the coordinates, that
is, they are close to the trajectories in Fig. 13.

In agreement with Ref. 4, any trajectory which is different
from the special one and is included in a certain vicinity of the
origin of the coordinates, again departs from this region after
a certain period of time (pole of unstable equilibrium). It is
not known whether this was the case for Sputnik III on subse-
quent, orbits because the existing theory (2,4) does not take
electromagnetic effects and other possible factors into account
which could explain the observed deceleration of the rotation
velocity of the satellite. According to Ref. 4, in addition to the
position of unstable equilibrium of vector L, there also is a
pole of stable equilibrium. When such small dissipative
forces are effective, such as the forces of electromagnetic drag
and the forces of aerodynamic friction, this pole can be trans-
formed into the pole of asymptotic stability. The curve in Fig.
13 can be discussed in the same manner, either as motion in
the vicinity of the position of unstable equilibrium of vector
L or as motion in the vicinity of stable equilibrium distorted
by the influence of dissipative forces. Which of these in-
stances actually occurs can be determined only by processing
the data obtained for a larger number of orbits and with the
aid of a more general theory of the motion of vector L. The
real picture of the motion of vector L does not coincide with
the theoretical picture in Refs. 2 and 4 because parameters
¢ and i are variable (these papers assume that they are
stable).  Such a difference can be brought about also by a
possible additional motion of vector L under the influence of
electromagnetic forces. The effect of the variation of & and ¢
can be computed readily. The problem of how the electro-
magnetic effects directly influence the motion of vector L re-
quires additional investigation. If this effect is small, then,

Fig. 15 Angles determining the

attitude of a given axis in the

+ satellite relative to the satellite
¥

Fig. 16 Computation of
the orientation relative to
the earth’s magnetic field




MARCH 1963

A)QZ;"'\
deg

ROTATION AND ORIENTATION OF SOVIET SPUTNIK III 755

600

o 580

pin 660

500
Fig. 17 Magnetometer reading and orienta-

400 -
tion of satellite relative to the earth’s mag-
netic field (second orbit) 200

1]
T

¥
v

LR
{
«
N

200

=
BN
¥l

A ~ s e I S N |

{
T

77

E T

74

g 40 700 10 200 250 G900 J50 400 450 Sa7 S5G 600 650 700 750 800 B0

knowing the curve in Fig. 13, it is possible to evaluate the
parameters of the atmosphere or the aerodynamic parameters
of the satellite, in agreement with Refs. 2 and 4.

6. Orientation Relative to the Sun

If po and 7, are known, then the orientation of the vector of
the kinetic moment relative to the sun can be computed in
the following terms:

cosOp = cospg cosk + sinpg sink cosu™®
cosk = sinflo cosl* 0 < k £180°
w¥F=v — 10 sinye = (sind*/sink) sinQ o
cosyo = cosQg/sink

Here 6 is the angle between the vector of the kinetic

moment and the direction to the sun; I'* =~ 23°.5, the in--

clination of the equator to the ecliptic; Qe is the solar longi-
tude from the vernal equinox (taken from Astronomical Al-
manac). The result of the calculation is shown in Fig. 14. It
can be seen that © o increases from 30° on the first orbit to
~90° on the 100th orbit. Considering that the angle of
nutation is close to 90° (tumbling of satellite) and taking into
account the existence of characteristic rotation, the conclusion
can be drawn that the satellite is illuminated (and heated)
rather uniformly by the sun.

3. Computation of the Orientation of the
Satellite Instruments in Space

The Eulerian angles ¢, ¢, ¢ (Fig. 5) are of principal im-
portance in the determination of the orientation of the satel-
lite instruments. It is necessary to fix the position of axis z’
in relation to the satellite in order to reckon angle ¢. It was
shown in Sec. 1 that it is convenient to select the start of
transducer reading ¢, as axis z’. An analysis of transducer
readings ¢, and ¢ permits determination of the start of the
reading (“zero’”) ¢, that is, the position of axis Oz’. The
plane which passes through axis Oz’ and 02’ forms an angle of
159° with the plane of disposition of the magnetic manometer
(the angle is counted clockwise from the plane of the mag-
netic manometer to plane Oz’).

The altitude of axis I of any device or any axis of the
satellite relative to the system of coordinates z’, ¢, 2/, is de-
termined by angles j and o (Fig. 15), where j is the angle be-
tween axis [ and 2’ of the satellite and angle ¢ is reckoned from
2z’ and y’ counterclockwise and is the angle between axis z’
and projection [ on plane z'y’.

The altitude of axis [ is also given in terms of direction
cosines m, n, k in relation to axis ', y’, 2/, respectively:

m = sing coseo n = sinj sine k= cosj [3.1]
1. Orientation Relative to the Earth’s Magnetic Field

The altitude of the satellite relative to the earth’s mag-
netic field can be determined completely. Actually, angle A

Z, sec

between axis 2z’ and the vector of magnetic intensity H is given
in terms of the graph A = g2 — 441, reckoned from a specific
level which can be found on every orbit by analyzing the
maxima of the readings; angle A = ¢; is the angle between the
plane of reckoning angle A and plane 2’z (reckoned counter-
clockwise; Fig. 16). Thus, the aititude of the satellite rela~
tive to the vector of magnetic intensity is determined com-
pletely everywhere that there are readings of A and \. Ex-
amples of these readings together with the level of reckoning
angle A are shown in Figs. 17 to 19 (where I is the reading of
A, II the reading of o, IIT the reading of A, and IV the reading
from which X is reckoned).

If A and N are known, then angle x between H and axis [
of any device is simply computed:

cosk = cosj-cosA -+ sinj-sind-cos(A + o) [3.2]

Fig. 20 shows an example of computation in accordance with
[3.2]: the angle between the axis of the photomultiplier
(7 = 90°, ¢ = 114°) and the vector of magnetic intensity on
the second orbit. The readings of ¢, and ¢» on the second orbit
show (Fig. 17) that the vector of the kinetic moment is close
to the direction of the magnetic line of force (oscillations of A
are almost absent); that is, the angle between the satellite
axis and vector H is close to 90°. Therefore, angle «
(Fig. 16) does not exhibit clear, short-period oscillations
which are brought about by the precession of the satellite.
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Fig. 18 Magnetometer reading and orientation of satellite
relative to the earth’s magnetic field (15th orbit). Sloping line—
linear part of recording A
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Fig. 19 Magnetometer reading and orientation of satellite
relative to the earth’s magnetic field (56th orbit). Sloping line—
linear part of recording A

Long-period oscillations which are brought about by the rota-
tion of the satellite around its own axis can be detected
clearly.

2. Determination of the Orientation of the Fixed Axis of
the Satellite Relative to the Fixed Direction in Space

Euler’s angles

e = ¢ + ¢l
Y= o+ Yt
d =

and the absolute coordinates ps, o of the vector of the kinetic
moment serve as the basis for the calculation. Parameters
o, &, ¥, po, Yo on every orbit are determined in the manner
described in the foregoing sections.

The initial value ¢, in agreement with Eq. [1.7] is deter-
mined in accordance with the following:

@0 = AN = Ain) = 90° " [3.3]

or in accordance with its equivalent formula
¢o = linA =+ 90° [3.4]

where linA is the linear part of the reading A = ¢;. The
equivalence of Eqgs. [3.3] and [3.4] is readily verified directly
on graphs ¢; and X ~ g2 — %¢1.

Parameter y is related to parameter o, employed in Secs.
1 and 2, in agreement with [1.5], through the following rela-
tionship:

Yo = BZO‘— 90°

The mutual attitude of systems X, ¥, Z, and L, Ly, L, (Fig. 4)
is determined from the table of direction cosines

X Y Z
Li Ay Ar A
L, B, By, B;
Ly ¢ Cy C;
A1 = cospy COS Yo
B1 = Sil’l’Yo
C, = sinpy cos7Yo
A, = —sinp
B, =0
Cy = cospy
Az = cospo sin7yo
B; = —cosve
C; = sinpp sinyo

AJAA JOURNAL

The attitude of the principal axes z’, y’, 2’ of the satellite
relative to system L), Ls, Ls is determined by the direction
cosines (7)

x’ yl zl

L1 @ gl f_“”

L2 B Bl BII

L3 '7 ,}7/ ,y//
& = cosy cosp — sing siny cosd
&' = —cosp sing — siny cose cosd
&" = siny-sind
B = siny cosp + cosy sing cosd
B’ = —siny sing + cosy cose cosd
B” = —sind cosy
¥ = sing sind
7' = cosp sind
v" = cost

The matrix product of these two tables of direction cosines
determines the direction cosines of the axes of the satellite
with respect to the inertial axes

P
-

ad; + S_BL + 70
a’4, + B'B: + 7'Cy
5(”.41 + B”Bl + ,)-/I/C\

ad, + 5_52 + 7Ce
a'As + B'B; + 7'Cs
a"A. + B”B‘l + ,}7”02

ads + BB; + 7Cs
a'As + B'Bs + 7'Cs
— a”A.'; _I_ BI/B3 + ,}‘/I/CY3

~

B3

Il

b

x

~

=

Q2 WW® 8RR

Finally, if m, n, & [3.1] are the direction cosines of fixed axis I
in the satellite, then the direction cosines 1, 7y, &y of the fixed
axis | with respect to the inertial axes of coordinates X, ¥, Z
are determined as follows:

m = ma + na' + ko’
nm mB + nB" + kB”
ky my + ny' + ky"

Let V be a fixed direction in space determined by direction
cosines v, u, £ in the system of inertial axes X, Y, Z. Then
angle 6 between fixed axis [ and direction V is determined by
the following formulas:

cos® = mw + mpu + ki

For example, if V is the direction of the velocity of the center
of mass of the satellite, then

I

v = v./v u = v,/v = v,/v

where v,, v,, v, are velocity components along axes X, Y, Z,
and v = V.2 + 0,2 + 0.2

The quantities of mi, ny, ki, and angle O between the fixed
axis in the satellite and the velocity vector of the center of
mass of the satellite were calculated in accordance with the
specified formulas on an electronic computer.

Calculations show that the parameters obtained by process-
ing the magnetometer readings must be corrected in order
to bring the calculations into satisfactory agreement with the
readings of the devices. Parameters ¢, and o were corrected
within the limits of 30°. The inaccuracy in the determination
of parameter ¥, was attributed to the deviation between the
positions of the maxima determined by calculation and the
maxima of the readings by 20-30 sec. The inaceuracy of
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parameter ¢, is not so influential as that of parameter ¥ and
primarily leads to a variation of the size of the maxima.
Other parameters (po, Yo, @, ¥, &) were hardly corrected at all
(their variation has a very slight effect on the result of the
calculation); the error in the determination of the magnitude
of ¥, over a long period of time, results in an accumulation of
error in the computation and a shift of the maxima. Ifsucha
shift took place in the case of a nominal , then the quantity ¥
was corrected. The magnitudes of po and v, were corrected
only for these orbits where py and 7, deviated from the system
of values po and v, on other orbits.

The readings of the mass-spectrometer and the ionization
manometer were used for the correction. Fig. 21 shows an
example of the calculation of angle 8 between the manometer
axis and the velocity vector of the center of mass of the satel-
lite. Fig. 21 also shows the reading of a corresponding device
for comparison.

Conclusion

This investigation shows that the readings of the mag-
netometer transducers housed on Soviet Sputnik III permit
one to determine the parameters of rotation and orientation
and, consequently, make it possible to calculate the orienta-
tion of any device in the satellite. The periods of precession
and rotation of the satellite are determined within an accuracy
of 5 sec; the angle between the satellite axis and the axis of
precession which coincides with the direction of the vector of
the kinetic moment, that is, the angle of nutation, is deter-
mined to an accuracy of 1°; the attitude of the axis of preces-
sion in space is determined within an accuracy of 10°. These
characteristics completely describe the nature and the evolu-
tion of satellite motion about the center of mass.

The determination of the initial time dependence of the
satellite’s attitude (initial values of the angles of the satellite’s
attitude (initial values of the angles of precession and rotation)
involves a greater error (to 30°). Since the inaccuracy in the
initial determination introduces only a constant error into the
calculation, then the initial values of the parameters can be
corrected by comparing the computed orientation with read-

ings of other devices. The computed orientation was in
satisfactory agreement with the readings of the devices after
such corrections were made. :

The “zeroes” of the magnetometer transducers were deter-
mined, and this made it possible to determine the orientation
relative to the earth’s magnetic field by a simple method
directly from the readings of the magnetometer transducer.

The determined parameters of rotation and orientation of
the satellite give an adequately clear picture of its motion
about the center of mass for the first days of the satellite’s
life. It appears that during a period of time which is of the
order of magnitude of the period of orbital rotation of the
satellite, its motion about the center of mass can be considered
an approximately regular precession. The parameters of
regular precession change slowly from orbit to orbit.

The satellite rotates in a ‘“tumbling” manner around the
direction of the vector of the kinetic moment so that the angle
between the satellite axis and the vector of the kinetic
moment is close to 90°, deviating from this attitude not more
than 6° on various orbits. The period of precession (the
“tumbling” period) increases slowly from 135 to 140 sec on
the first few (one to five) orbits and to 195 sec on the 283rd
orbit. In addition, the satellite rotates slowly around its own
symmetry axis. The angular velocity of this rotation de-
creases from 0.375 grad-sec™! on the first orbit to zero on
approximately the 20th orbit, after which the rotation direction
reverses and the values of the angular velocity of the charac-
teristic rotation on separate orbits vary around the average
value of the order of —0.1 grad-see™, deviating from this
value not more than 0.1 grad -sec™.

The vector of the kinetic moment, that is, the axis around
which the satellite tumbles, changes its direction in space
slowly at an angular velocity of the order of one deg/rotation
of satellite along the orbit. The motion of the vector of the
kinetic moment is such that for the investigated orbital range
it tends toward the direction of the vector of the center of mass
of the satellite at orbital perigee. Around the 100th to 110th
orbit the vector of the kinetic moment almost coincides with
the velocity vector at perigee so that the plane normal to the
vector of the kinetic moment (“tumbling” plane of satellite)
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is also normal to the incident flow at orbital perigee. Conse-
quently, on these orbits the satellite encounters maximum
aerodynamic resistance. As a result of such a movement of
the satellite in the perigee and in the apogee, its bottom part
must face the earth periodically, this period being equal to the
period of “tumbling.” :

A slow variation of the parameters of rotation and orienta-
tion of the satellite can be explained by the influence of per-
turbing factors: the effect of aerodynamic and gravitational
perturbations (2,4), the interaction of the electrical circuits in
the satellite with the earth’s magnetic field, and, to a lesser
degree, the effect of Foucalt (5) currents, and other perturbing
factors.

This investigation was carried out with the assistance of
0. 8. Ryzhina and O. I. Rau who programmed the problems
for the electronic computer. The material was processed by
A. 1. Repnev and a group of co-workers at the Academy of
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Sciences USSR. The authors are grateful to all who made
their assistance available.

—Submatted July 6, 1962
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Reviewer’s Comment

The substance of this paper appears to be primarily the
solution of a coordinate conversion problem done in some de-
tail and probably quite well, but overlong by usual standards
for publication in an American journal.

Information about the instrumentation by which the earth’s
magnetic field is instantaneously tracked, as well as the angu-
lar measuring techniques between different axis systems,
would be of interest, but this is not included in the paper. It

is possible that some sleuthing would lead to characteristics
of Sputnik 1T as revealed by the minor excursions in its orbit
which appear to be disclosed in good faith.

None of us at MIT wishes to vouch for the detailed aceuracy
of the analysis, but the paper seems to be a high quality effort
within the limited area of interest noted.

—Robert K. Mueller
Department of Aeronautics and Astronautics
Massachusetts Institute of Technology
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Forms of Solutions of Einstein’s Equations

Ya. I. PucacHEY

Obviously, there is altogether too great a variety of methods and additional assumptions,
unconnected with the boundary conditions, now being used to solve Einstein’s equations.
This paper is an attempt to determine whether all these forms of solution are equivalent. Itis
found that some solutions contradict the basic postulates of tensor analysis when considered
from the point of view of the two-metric theory of the gravitational field.!?

N the general theory of relativity the gravitational
field is regarded as an effect of the ‘‘deviation’ of the real
from the planar (Euclidian) space-time manifold. The latter
is viewed as the physical abstraction of a space devoid of ma-
terial sources. This fundamental idea is formulated with
sufficient completeness in the so-called two-metric theory,
which makes explicit use of the characteristics of two spaces,
an auxiliary (planar) and a real (Riemannian) space. If
Ju» is the metric tensor of a space without sources and g,
that of a space with sources, then the formation of a gravi-
tational field must be viewed as the process of transformation
(mapping) of ¢, into g,,. Both tensors are essentially func-
tions of the same coordinates; hence the properties and laws
of transformation of the coordinates are not affected by the
mapping.

Translated from Izvestila Vysshikh Uchebnykh Zavedenii,
Fizika (Bulletin of the Institutions of Higher Learning, Physics),
no. 1, pp. 31-34 (1961). Translated by Faraday Translations,
New York. Reviewed by the late Dr. W. F. G. Swann, Director
Emeritus, Bartol Research Foundation, Swarthmore, Pa.

In Einstein’s ordinary theory, the characteristics of the
starting (“empty”’) space play no part. In this connection,
serious difficulties arise in interpreting the physical significance
of certain geometrical objects, and this creates a fertile
soil for speculations about the choice of a system of coordi-
nates.> If, however, we analyze the positive results of this
theory, from the point of view of the two-metric formalism,
in every case we can detect a tendency to realize the fore-
mentioned basic idea.

Let us now consider a few of the methods used in solving
gravitational equations.

In the so-called weak field approximation* the metric tensor
of the unknown space g, is taken in the form

Juv = Ny + h;w (1)

where 7, is the Minkowski metric (for a corresponding choice
of coordinates), and A, are small “‘corrections,” approximately
determined from the equations of gravitation. Here it is a
question not only of comparing the unknown and starting
(known) spaces but also of predetermining the properties of
the starting space.



